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Abstract
Several time dependent backgrounds, with perfect fluid matter, can be used to construct
solutions of Einstein equations in the presence of a negative cosmological constant along with
some matter sources. In this work we focus on the non-vacuum Kasner-AdS geometry and its
solitonic generalization. To characterize these space-times, we provide ways to embed them
in higher dimensional flat space-times. General space-like geodesics are then studied and used
to compute the two point boundary correlators within the geodesic approximation.
1 Introduction
It has long been known that classical theory of gravity breaks down near space-time singularities
and one would require an alternative description of gravity to explore such regions in space-time.
While such a complete description of gravity is still lacking, situation is considerably better when
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the gravitational theory has a description in terms of a non-gravitational dual. Indeed, in the
past, several investigations were carried out to explore the physics of space-time singularities
(behind the horizon or otherwise), where the geometries permit such holographic gauge theory
descriptions. For the black hole, where singularity is behind the horizon, many attempts have
been made in past(see e.g., [1]). For the present work, our focus will be on those situations which
concern the cosmological singularities. These are the places where the time starts or ends and a
natural question perhaps is to enquire if there is a way to resolve these singularities. While this
is an important issue to address, it is also of importance to ask and identify the signatures of
these cosmological (space-like singularities) on their gauge theory duals. For some of the previous
works on these issues, see [9] - [19], and references therein.
One of the simplest five dimensional backgrounds with a big bang singularity with a known
gauge theory dual is the AdS-Kasner geometry. The singularity runs all the way to the boundary
and on this boundary we have a N = 4 super Yang-Mills. Within this set up, one may wish
to analyze the nature of boundary correlation functions – particularly those which may sense
the singularity. Indeed, in [4], such a computation for two point correlation was performed for
space-like operators of large dimensions in the geodesic approximation. It was found that if
the direction along which the operators were separated carries a negative Kasner exponent, the
correlators developed divergences in their IR. Subsequently, in [15], by solving the space-like
geodesic equations for arbitrary exponents, it was noticed that for correlators separated along
the positive Kasner exponents, correlation vanishes even if one pushes the space-like surface close
to the singularity. While the reason for such behaviour is not yet obvious to us, in the present
work we consider a larger class of time dependent geometries in AdS, study their symmetries,
embeddings in flat space of higher dimensions, space-like geodesics in the geometries and nature
two point correlators at the boundary. Summary for the present work is described in the next
paragraph.
In section 2, we review and discuss various time dependent geometries in 4 dimensions that
will be of interest to us. Then in section 3, we present flat space embeddings for flat AdS-FRW,
AdS-Kasner and AdS-Kasner soliton geometries 1. In section 4, we study 2-point correlator in
boundary theory for AdS-Kasner case using gauge-gravity duality. For some cases (in particular,
AdS-Milne) case, we can explicitly solve the scalar field equations. Later we also calculate 2-
point correlator in geodesic approximation for AdS-Kasner and AdS-Kasner soliton cases using
analytical and numerical techniques. Finally, we conclude with a discussion of future directions.
2 Time dependent geometries in AdS
In this section, we start with some well known time dependent geometries in four dimensional
space-time (see for example, [22]) both in the absence or in the presence of matter. Using previ-
ously known results, these backgrounds can be used to construct a large class of time dependent
geometries which solve the Einstein equations in the presence of a negative cosmological constant
1AdS-Kasner soliton is an interesting geometry in the sense that the horizon singularity associated with the
AdS-Kasner is removed by adding an appropriate periodic coordinate. This coordinate smoothly goes to zero in
the bulk, capping off the geometry. AdS soliton was introduced in [20] as the lowest energy bulk configuration for
certain locally asymptotically AdS boundary conditions. Effect of the de-singularization was considered in various
contexts. See for example [21]
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and appropriate matter [23]. Finally, in the next section, we embed all these time dependent
geometries in higher dimensional flat space. Embeddings of geometries in higher dimensional
flat space illustrate many geometrical features of these spacetimes. Indeed, in [24]-[26], thermal
properties of genuinly static but curved geometries were understood from the thermal properties
of accelerated observers in corresponding higer dimensional flat embeddings. Further, for time de-
pendent Friedmann-Robertson-Walker geometries, embedding approach was used to exibit three
dimensional conformal symmetry on future space-like hypersurfaces [27]. Though, the flat em-
beddings of our time dependent geometries are not directly used in later sections, we believe
such explicit constructions might be useful in future investigations and we include those in our
subsequent discussions.
Vacuum Solution
Vacuum Einstein equations have a simple anisotropic but homogeneous solution know as
Kasner solution. The Kasner metric is given by
dS2 = −dt2 +
3∑
i=1
t2pi(dxi)2, (1)
with exponents pi satisfying the conditions
3∑
i=1
pi = 1,
3∑
i=1
p2i = 1. (2)
These pis can be parametrized by a single parameter u ≥ 1 as
p1 = − u
1 + u+ u2
, p2 =
1 + u
1 + u+ u2
, and p3 =
u(1 + u)
1 + u+ u2
. (3)
These restrictions allow only two exponents to be positive and the other negative except the case,
where one of the pis is one and the rest are zero. This is known as a Milne metric. The Milne
metric covers only a part of the Minkowski space. This can be seen by making a simple coordinate
transformation (say for p1 = 1, and p2 = p3 = 0)
y0 = t coshx1, y1 = t sinhx1. (4)
For other values of pis, Kasner metric has a curvature singularity at t = 0.
In the presence of fluid matter
In the presence of fluid matter, there are several possibilities. In order to review, we start
with the four dimensional Einstein equation
Rˆµν − 1
2
γµνRˆ = Tˆµν , (5)
where the stress tensor is given by
Tˆµν = (ρ+ p)UµUν + pγµν . (6)
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Uµ is the four velocity of the fluid and p, ρ are respectively the pressure and energy density of the
fluid with the equation of state p = wρ. For such a system, the conservation of stress tensor and
the Einstein equations give
ρ =
ρ0
t2
, (7)
(for some constant ρ0. Weak energy condition would hold if ρ0 > 0.) and
p1p2 + p1p3 + p2p3 = ρ0,
p1 − p21 + p2 − p1p2 − p22 = ωρ0,
p2 − p22 + p3 − p2p3 − p23 = ωρ0,
p3 − p23 + p1 − p1p3 − p21 = ωρ0,
(8)
respectively. To analyze the solutions, we introduce two parameters S and Q such that
p1 + p2 + p3 = S,
p21 + p
2
2 + p
2
3 = Q. (9)
In what follows, we review few possibilities that would be of our interest later.
When S = Q = 1 or equivalently, when p = ρ = 0, we have the anisotropic Kasner metric
with pis given in (3). With time, the metric expands in two directions and contracts along one.
For ω = 1, pressure and energy density satisfy p = ρ. This leads to
S = 1, Q = 1− 2ρ0. (10)
Now, for a range of ρ0, universe can have anisotropic non-contracting behaviour in all the direc-
tions. To see this, we first express p2 and p3 in terms of p1 are therefore,
p2 =
1
2
(1− p1 −
√
1 + 2p1 − 3p21 − 4ρ0)
p3 =
1
2
(1− p1 +
√
1 + 2p1 − 3p21 − 4ρ0). (11)
Now, for given p1 < 1, for p2, p3 to be real
1 + 2p1 − 3p21 − 4ρ0 ≥ 0. (12)
Or, in turn,
ρ0 ≤ 1
4
(1 + 2p1 − 3p21). (13)
For 0 < p1 < 1, the expression on the right varies from 1/2 to 0 picking at p1 = 1/3 giving
ρ0 = 1/3. So, it is always possible to find a positive p1 if ρ0 ≤ 1/3. Now, for p2 to be positive,
we need
1− p1 >
√
1 + 2p1 − 3p21 − 4ρ0. (14)
Or, in other words,
ρ0 > p1(1− p1). (15)
The expression on the right varies between 0 and 1/2 peaking at p1 = 1/2. Therefore, we see
that if ρ0 < 1/3, it is always possible to find p1, such that p2 is positive. Now, since p3 > p2, we
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see that, for ρ0 below 1/3, we will always find all pis to be positive. Consequently, for the metric
it means, all the directions are anisotropically non-contracting starting from the initial big bang
singularity. We note In particular, a special case p1 = p2 = 1/2, p3 = 0 with ρ0 = 1/4 satisfy (9)
which we will consider later.
For other values of ω, equations in (8) allow only FRW solutions. We can then parametrize
the isotropic metric with
p1 = p2 = p3 = α, S = 3α, Q = 3α
2, (16)
with
α =
2
3(1 + ω)
, ρ0 =
4
3(1 + ω)2
. (17)
Time dependent AdS solutions
Now, following [23], all these four dimensional geometries can be understood as solutions of the
five dimensional gravity action in the presence of a negative cosmological constant and supported
by appropriate anisotropic matter stress tensor. Suppose we have metric γµν and perfect fluid
matter with stress tensor Tˆµν satisfying four dimensional Einstein equation (5). It is then possible
to find a five dimensional metric gab with matter stress tensor Tab (with a, b running from 0 to 4)
which will satisfy five dimensional Einstein equation
Rab − 1
2
gabR = −Λgab + Tab, (18)
where Λ is a negative cosmological constant. Here gab and Tab are as follows:
dS2 = dy2 + e2y/lγµνdx
µdxν ,
Tµν = Tˆµν ,
Tyy =
T
2
, with T = SµνT
µν = e−2y/lγµνTµν . (19)
Here l is related to the cosmological constant Λ = −6/l2. In the rest of the paper, we set l = 1.
With a coordinate transformation z = e−y, our five dimensional metric therefore becomes
dS2 =
1
z2
(
dz2 − dt2 +
3∑
i=1
t2pidx2i
)
. (20)
While for unequal pis, we will call this as a non-vacuum AdS-Kasner metric, for equal pis we will
call it an AdS-FRW space.
The five-dimensional energy-momentum tensor describes an anisotropic fluid. We now check
whether this fluid satisfies the null/weak/strong energy condition(s). For an arbitrary null-vector
ka in five-dimensions, the null energy condition is given by Tabkakb ≥ 0, where Tab = Tab − Λab
is the total five-dimensional stress tensor (matter + background). The null energy condition
is satisfied by Tab provided the parameter ω and the energy density ρ appearing in the four-
dimensional equation of state, satisfy the conditions ω ≥ −13 and ρ ≥ 0 respectively. We recognise
these as the conditions for the strong energy condition to be satisfied by the four-dimensional
fluid. For the weak energy case, we first need to recognise that the weak energy condition may be
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violated by Tab (Note that empty AdS also violates the weak energy condition). However, for the
five-dimensional matter stress tensor Tab in (18), both the weak and the strong energy conditions
2 are satisfied provided ω and ρ satisfy the same conditions i.e ω ≥ −13 and ρ ≥ 0.
As we pointed out earlier, we do not know if such a five dimensional set up can be obtained
naturally from ten or eleven dimensional supergravities. Consequently, a duality relation between
the bulk gravity and the boundary gauge theory is not immediately obvious (except for Tab = 0
where the bulk is a vacuum AdS-Kasner metric). In the following, we will assume that such a
duality relation exists and carry out our analysis.
The space-times discussed above generally suffer from singularities at the Poincare horizon
z = ∞. This singularity can be resolved by adding a compact direction to a Kasner-AdS. The
metric is known as time-dependent Kasner-AdS soliton and is given by
dS2 =
1
z2
[(
1− z
5
z50
)−1
dz2 +
(
1− z
5
z50
)
dθ2 − dt2 +
3∑
i=1
t2pidx2i
]
. (23)
The metric is nonsingular at z = z0 if θ has a period 4piz0/5.
3 Flat space embeddings of AdS-cosmologies
As mentioned in the introduction, it is often useful to embed curved metric into higher dimensional
flat space. This illustrates various geometrical properties of spacetimes and has been used in many
previous works as cited in introduction.In this section, we embed various cosmological metrics
into flat space.
3.1 AdS-FRW embedding
We first consider the AdS-FRW metric as it is simpler. We write it as
dS2 =
1
z2
[
dz2 − dt2 + a2(t)
3∑
i=1
dxidx
i
]
. (24)
The dependence of the scale factor a(t) on t follows from Einstein equations and generally goes
as tp for some constant p. Let us now consider all the terms inside the square brackets except the
2Recall that the weak energy condition for the five-dimensional matter stress tensor is given by
T̂µνξ
µξν + Tzz(ξ
z)2 ≥ 0, (21)
where ξa is a five dimensional time-like vector and uµ is the four-velocity of the boundary fluid. The strong energy
condition for the same is given by (
Tab − T
′
2
gab
)
vavb ≥ 0 (22)
for an arbitrary future directed timelike vector field va, where T ′ = 3
2
T
6
dz2 part. Introducing new coordinates [30],
yi = a(t)xi, i = 1, 2, 3,
y0 = ca(t)
3∑
i=1
xixi + c
∫
dt
a˙(t)
+
a(t)
4c
,
y4 = ca(t)
3∑
i=1
xixi + c
∫
dt
a˙(t)
− a(t)
4c
. (25)
with c being an arbitrary constant, we get
−dt2 + a2(t)
3∑
i=1
(dxi)2 = −(dy0)2 +
4∑
i=1
(dyi)2. (26)
Consequently, the metric (24) reduces to AdS in Poincare coordinates,
dS2 =
1
z2
[
dz2 − (dy0)2 +
4∑
i=1
(dyi)2
]
. (27)
This can now easily be embedded in flat space using the standard map
X0 =
1
2z
(
z2 + 1 +
4∑
i=1
(yi)2 − (y0)2
)
,
Xi =
yi
z
, i = 1, 2, 3, 4,
X5 =
1
2z
(
z2 − 1 +
4∑
i=1
(yi)2 − (y0)2
)
,
X6 =
y0
z
. (28)
To summarize, the five dimensional AdS-FRW metric can be embedded in seven dimensional
flat space
dS2 = −dX20 − dX26 +
5∑
i=1
dX2i , (29)
with
X0 =
1
2z
[
z2 + 1− a(t)
∫
dt
a˙(t)
]
,
Xj =
a(t)xj
z
, j = 1, 2, 3,
X4 =
1
z
[
ca(t)
3∑
j=1
x2j + c
∫
dt
a˙(t)
− a(t)
4c
]
,
X5 =
1
2z
[
z2 − 1− a(t)
∫
dt
a˙(t)
]
,
X6 =
1
z
[
ca(t)
3∑
j=1
x2j + c
∫
dt
a˙(t)
+
a(t)
4c
]
. (30)
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¿From the higher dimensional perspective, the AdS-FRW metric sits on the intersection of the
hypersurfaces
−X20 −X26 +
5∑
1
X2i = −1, (31)
and
1−X20 +X25
(X0 −X5)2 = (a(t)
∫
dt
a˙(t)
)
∣∣∣
a(t)=2c
X6−X4
X0−X5
. (32)
Particularizing to the case a(t) = tp, we get
2c(X6 −X4)(X0 −X5)(p−1) =
(
(2− p)p(1−X20 +X25 )
) p
2
. (33)
3.2 Embedding AdS-Kasner
For the flat embedding of AdS-Kasner, it requires a bit more work. Consider the metric in (20).
We first take the part
−dt2 + t2p1(dx1)2. (34)
This is in the FRW form. Therefore, using our previous results, we can embed this part to flat
space. We introduce
y0 = (c(x1)2 +
1
4c
)tp1 +
ct2−p1
p1(2− p1) ,
y1 = tp1x1,
y˜ = (c(x1)2 − 1
4c
)tp1 +
ct2−p1
p1(2− p1) . (35)
Then (20) takes the form
dS2 =
1
z2
[
dz2 − (dy0)2 + (dy1)2 + (dy˜)2 + t2p2dx2dx2 + t2p3dx3dx3
]
. (36)
Let us now define light-cone coordinates u = y0 − y˜, v = y0 + y˜ to write (36) as
dS2 =
1
z2
[
dz2 − dudv + (dy1)2 + (2cu)
2p2
p1 (dx2)2 + (2cu)
2p3
p1 (dx3)2
]
. (37)
So Kasner can be embedded as a hypersurface
uv − y˜2 = 1
p1(2− p1)(2cu)
2
p1 , (38)
in the plane wave metric. It is useful now to convert the above plane wave metric into Brinkmann
form by defining
y2 = (2cu)
p2
p1 x2, y3 = (2cu)
p3
p1 x3, U = u,
V = v +
2cp2
p1
(2cu)
2p2−p1
p1 (x2)2 +
2cp3
p1
(2cu)
2p3−p1
p1 (x3)2. (39)
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The metric becomes
dS2 =
1
z2
[
dz2 − dUdV +
3∑
i=1
dyidyi −HdU2
]
, (40)
where
H =
(2cU)
2p2
p1 p2(p1 − p2)(x2)2 + (2cU)
2p3
p1 p3(p1 − p3)(x3)2
p21U
2
(41)
=
(p2(p1 − p2)(y2)2 + p3(p1 − p3)(y3)2
p21U
2
. (42)
In the Brinkmann form, hypersurface equation can be written as
UV − p2
p1
(y2)2 − p3
p1
(y3)2 − (y1)2 = 1
p1(2− p1)(2cU)
2
p1 . (43)
Further, introducing
Z0 =
V + U +HU
2
, Z4 =
V − U +HU
2
, Z5 =
H + U
2
2
2
,
Z6 =
H − U22
2
, Zi = y
i (i = 1, 2, 3), (44)
we get flat space embedding of plane wave. So 4-dimensional Kasner can be embedded in 7
dimensional flat space. Using this, we get
dS2 =
1
z2
[
dz2 − dZ20 − dZ26 +
5∑
i=1
dZ2i
]
. (45)
This is now AdS in Poincare form and can be easily embedded in flat space. So to summarize,
the five dimensional AdS-Kasner metric can be embedded in flat space
dS2 = −dX20 − dX27 − dX28 +
6∑
i=1
dX2i , (46)
and to write it in a compact way, we first define
Z0 =
tp1
4c
+ c
[ t2−p1
(2− p1)p1 +
1
p21
(p21t
p1x21 + (2p1 − p2)p2t2p2−p1x22 + (2p1 − p3)p3t2p3−p1x23)
]
,
Z1 = x1t
p1 , Z2 = x2t
p2 , Z3 = x3t
p3 ,
Z4 = − t
p1
4c
+ c
[ t2−p1
(2− p1)p1 +
1
p21
(p21t
p1x21 + (2p1 − p2)p2t2p2−p1x22 + (2p1 − p3)p3t2p3−p1x23)
]
,
Z5 =
t2p1
16c2
+
2c2
p21
[
(p1 − p2)p2t2(p2−p1)x22 + (p1 − p3)p3t2(p3−p1)x23
]
Z6 = − t
2p1
16c2
+
2c2
p21
[
(p1 − p2)p2t2(p2−p1)x22 + (p1 − p3)p3t2(p3−p1)x23
]
. (47)
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The flat coordinates are then
X0 =
1
2z
[
z2 + 1 +
5∑
i=1
Z2i − Z20 − Z26
]
,
Xi =
Zi
z
, i = 1, ..., 5,
X6 =
1
2z
[
z2 − 1 +
5∑
i=1
Z2i − Z20 − Z26
]
,
X7 =
Z0
z
,
X8 =
Z6
z
. (48)
Here c is an arbitrary constant.
AdS Kasner is then an intersection of following hypersurfaces in flat space.
−X20 −X27 −X28 +X26 +
5∑
i=1
X2i = −1,
(X7 −X4)2 = 2(X5 −X8)(X0 −X6),
X25 −X28 =
p2(p1 − p2)
2p21
X22 +
p3(p1 − p3)
2p21
X23 ,
X27 −X24 − 2X25 + 2X28 −
p2
p1
X22 −
p3
p1
X23
= (X0 −X6)2
(
1
(2− p1)p1
(
2c
X7 −X4
X0 −X6
) 2
p1
+
(
X1
X0 −X6
)2)
. (49)
3.3 AdS-Kasner soliton
Finally, we embed the Kasner-AdS soliton (23) in flat space-time. First, we embed the Kasner
part of the metric as was done in equation (45). We get
dS2 =
1
z2
[(
1− z
5
z50
)−1
dz2 +
(
1− z
5
z50
)
dθ2 − dZ20 − dZ26 +
5∑
i=1
dZ2i
]
. (50)
Now, with the following choice of coordinates
X0 =
Z0
z
, X1 =
Z6
z
, X2 =
2z0
5
√
g(z) Sin
(
5θ
2z0
)
, X3 =
2z0
5
√
g(z) Cos
(
5θ
2z0
)
,
X4 =
Z1
z
, X5 =
Z2
z
, X6 =
Z3
z
, X7 =
Z4
z
, X8 =
Z5
z
X9 =
1
2z
[
Z20 + Z
2
6 −
5∑
i=1
Z2i + zD(z) + 1
]
,
X10 =
1
2z
[
Z20 + Z
2
6 −
5∑
i=1
Z2i + zD(z)− 1
]
, (51)
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the metric reduces to
dS2 = −dX20 − dX210 − dX21 +
9∑
i=2
dX2i (52)
In the above
g(z) =
1
z2
(
1− z
5
z50
)
, D(z) = −
∫
dz
z2g(z)
(
1− z
2
0z
4g′(z)2
25
)
. (53)
The soliton metric therefore sits at the intersection of six hypersurfaces. It is straightforward to
find the surfaces for the soliton. Computations are similar to that of AdS-Kasner and we do not
reproduce it here.
4 On the Gauge theory correlators
In this section our aim is to study the two point correlators of the operators in the boundary
gauge theory for time-dependent geometries.
4.1 Using Bulk Dual
One conventional way to compute the two-point functions is to use the bulk dual. We solve
the bulk equations of motion of a massive scalar whose boundary value acts as a source for the
operators of the boundary theory. Varying the boundary action (evaluated on the solution) twice
with respect to the source, we get the two point functions of the operators. In general, in time
dependent backgrounds, the energy of the scalar field does not remain constant. This introduces
problems in choosing boundary conditions and subsequently defining a vacuum. However, in
some cases progress can be made. In the first part of this section, we review the situation.
The equation of motion of a massive scalar field is given by
(−m2)φ = 0. (54)
where  = 1√−g∂a(
√−ggab∂bφ). Using the fact that for the metric (20),
√−g = t
p1+p2+p3
z5
=
t
z5
, (55)
we get
z2∂2zφ− 3z∂zφ− z2∂2t φ−
z2
t
∂tφ+
3∑
i=1
z2
t2pi
∂i
2φ−m2φ = 0. (56)
Substituting the ansatz,
φ =
3∑
i=1
ξ(t)ρ(z)eikix
i
, (57)
we get
z2∂2zρ− 3z∂zρ− (m2 + ω2z2)ρ = 0,
t∂2t ξ + ∂tξ +
3∑
i=1
k2i
t2pi−1
ξ − ω2tξ = 0. (58)
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Here ω is an arbitrary constant. Now, first is the usual radial equation in vacuum AdS. The
solutions can be written in terms of Bessel functions. In order to solve the time dependent part,
it is instructive to introduce a new variable χ(t) as
ξ = t−
1
2χ(t), (59)
and re-write the second equation in (58) as
∂2t χ+
( 1
4t2
+
3∑
i=1
k2i
t2pi
− ω2
)
χ = 0. (60)
Normalization can be fixed by setting the the Wronskian to a constant, for example, by choosing
χ∂tχ
∗ − χ∗∂tχ = i. (61)
If we treat (60) as a Schrodinger-like equation, the effective potential has a form
V (t) = − 1
4t2
−
∑
i
k2i
t2pi
. (62)
Near t = 0, for generic pis, the first term dominates making the potential singular and scale
invariant.
The case with one of the pis equals one and the rest zero, say p1 = 1, p2 = p3 = 0, the
space-time is non-singular. With the coordinate transformations given in (4), it can be make
flat. Hence the scalar field equations and, consequently, finding the boundary correlator becomes
simple. However, solving it directly requires some work and, since we have not seen any explicit
calculations in the literature, we briefly present it here. It is useful to first analytically continue
the coordinates to t = iτ and x1 = iψ. The geometry has a horizon at τ = 0 and the boundary
at z = 0. If we insist the field to vanish at these two points3, the solution can be written as
φ =
∞∑
n=−∞
∆−
∫ ∞
0
∫ ∞
0
dωdk2dk3Cω,n,k2,k3
√
ω˜einψeik2x2eik3x3
z2Kα(ω˜z)
2Kα(ω˜)
Jn(ωτ). (63)
Here, Jn is the Bessel function, Kα is a modified Bessel function,  is a small cutoff near z = 0 and
Cω,n,k1,k2 are constants. The other constants are defined as ω˜ =
√
ω2 + k21 + k
2
2, α =
√
4 +m2
and ∆− = 2−α. Now, following the standard prescription, we evaluate the scalar field action on
the solution. This gives,
S =
∑
n1,n2
∫
dτdx2dx3dωdω
′dk2dk3dk′2dk
′
3δm+ne
i(k2+k′2)x2ei(k3+k
′
3)x3
Cω,n,k2,k3Cω′,m,k′2,k′3τJn(τω)Jm(τω
′)
√
ωω′ω˜2α. (64)
Further, differentiating the above action twice with respect to C, we reach at the following two
point correlator in momentum space:
〈O(ki, ω, n)O(k′i, ω′,m)〉 ∼ (−)mδn+mδ(k2 + k′2)δ(k3 + k′3)δ(ω − ω′)ω˜2α. (65)
3We will see later that, with this boundary conditions, the final result and the one calculated from the geodesic
approximation matches.
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Here, we have used ∫ ∞
0
dττJn(ωτ)Jn(ω
′τ) =
1
ω
δ(ω − ω′). (66)
To obtain the correlator in position space, we use the identity
∞∑
n=−∞
Jn(ωτ)Jn(ωτ
′)ein(ψ−ψ
′) = J0(ωτ˜) (67)
where
τ˜ =
√
τ2 + τ ′2 − 2ττ ′ cos(ψ − ψ′), (68)
and get
〈O(τ, ψ, x2, x3)O(τ ′, ψ′, x′2, x′3)〉 =
∫ ∞
0
dω
∫ ∞
−∞
dk2
∫ ∞
−∞
dk3 ωω˜
2αJ0(ωτ˜)e
ik2(x2−x′2)eik3(x3−x
′
3).
(69)
Going to the polar coordinates the integrals can be easily performed and we arrive at
〈O(τ, ψ, x2, x3)O(τ ′, ψ′, x′2, x′3)〉 =
1
[τ2 + τ ′2 − 2ττ ′ cos(ψ − ψ′) + (x2 − x′2)2 + (x3 − x′3)2]2+α
,
(70)
up to some α dependent prefactor. Now, analytically continuing back to the earlier coordinates,
we reach at
〈O(t, x1, x2, x3)O(t′, x′1, x′2, x′3)〉 =
1
[−t2 − t′2 + 2tt′ cosh(x1 − x′1) + (x2 − x′2)2 + (x3 − x′3)2]2+α
.
(71)
For space-like separated points, say by a distance 2x along x1, the formula simplifies to
〈O(t, x, x2, x3)O(t,−x, x2, x3)〉 = 1
(2t sinhx)2∆
, (72)
where ∆ = 2 + α.
For generic values of pis, the ξ(t) in (58) can not be solved analytically. However, for specific
cases, some progress can be made. To illustrate this further, let us consider the case {p1 =
1
2 , p2 =
1
2 , p3 = 0}. As discussed in the previous section, for ρ0 = 14 , the metric solves the Einstein
equation. Here one gets,
χ(t) = C1M [−iβ, 0, 2iαt] + C2W [−iβ, 0, 2iαt], for k23 > ω2
= C3M [β, 0, 2αt] + C4W [β, 0, 2αt], for k
2
3 < ω
2. (73)
Here
α =
√
|k23 − ω2|, β =
k21 + k
2
2
2α
. (74)
M , W are the Whittaker functions and Cis are integration constants. Owing to the properties
of M and W , we note that, at t = 0, the solutions identically vanish. Further, because of time-
dependence of the metric, there is no natural way to identify the positive and negative energy
modes. Therefore we find it difficult to put appropriate boundary conditions to isolate the relevant
one form the general solution.
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4.2 Geodesic approximation
Another way to approximate the two point correlator of higher dimensional operators is to relate
it with geodesic computations. Within the semi-classical limit, this approximation suggests that
the boundary correlator of two operators can be written as
〈ψ|O(x)O(x′)|ψ〉 ∼ e−mLreg(x,x′), (75)
where |ψ〉 is some state of the boundary field theory and O is an operator whose dimension ∆ is
large and close to m, the mass of a heavy bulk field. For our purpose O will be a scalar operator
and, consequently, we will consider only the scalar field. The quantity Lreg is the length of the
regularized bulk geodesic connecting points x and x′ 4.
Let us, for illustrative purpose, start with the Milne universe. In order to find the space-like
two point correlator, we need to find the geodesic whose end points are stuck at the boundary,
say at t = t0. We take the points along x1 direction at x1 = ±x. The geodesic equations are
x¨1 + 2
x˙1
t
− tx˙31 = 0,
zz¨ + z˙2 + t2x˙21 − tzz˙x˙21 − 1 = 0. (76)
Here, the dots are derivatives with respect to t. The solutions of the above equations are
x1 = ± log
[ √ct
1 +
√
1− ct2
]
, z =
√
t2 − t20. (77)
The constant c is related to the turning point of the geodesic in the bulk. Since at this point,
x1 = 0, dt/dx = 0, and therefore t = 1/
√
c. Further, since at t = t0, x1 = ±x, we get
c =
4e2x
(1 + e2x)2t20
. (78)
For calculational simplicity, without loss of generality, we take t0 = 1 henceforth. The length of
the geodesic can be easily computed. It is
L =
∫ 1+t(z=)
t= 1√
c
2dt
z
√
−1 + t2x˙2 + z˙2. (79)
The lower integration limit is the turning point of the geodesic and the upper limit is the value
of t at which one approaches the boundary z =  with  → 0. The result diverges as we take 
to zero. The regularization is done by subtracting the equivalent piece coming from AdS. This
gives
Lreg = lim→0
(
log
[4 sinh2x

]
− 2 log
[1

])
= log[4 sinh2x]. (80)
Consequently,
〈O(1, x, 0, 0)O(1,−x, 0, 0)〉 = 1
(2 sinhx)2m
. (81)
4Here one represents the inverse of the operator −m2 as a path integral. In the large mass limit and in the
saddle point approximation, the path integral is then expected to reduce to finding the geodesic. This method
works well for Euclidean time. However, for Lorentzian metric (as in the case here), there are often subtleties due
to the appearance of oscillating phases. In our discussion, we will assume such uncertainties [31] - [33] do not occur.
14
This is same as (72) for the operators of large dimensions.
General spacelike geodesics
We now focus on to space-like geodesics in more general Kasner-AdS space-time. Our com-
putation will equally go through for non-vacuum solution. Here, specifically, we look for the
geodesics for which the end points are situated at (x1, x2, x3) and (−x1,−x2,−x3) at time t = t0.
Taking t as a parameter, the geodesic equations are5
x¨i + 2pi
x˙i
t
− x˙i
3∑
j=1
pit
2pj−1(x˙j)2 = 0.
zz¨ + z˙2 +
3∑
j=1
t2pj (x˙j)2 − zz˙
3∑
j=1
pjt
2pj−1(x˙j)2 − 1 = 0. (82)
Though we have complicated coupled set of equations, it turns out that much can be said
about the solutions without assuming explicit values of pis. We first define
yi = x˙i, K = zz˙, (83)
and rewrite (82) as
y˙i +
2pi
t
yi − yi
3∑
j=1
pit
2pj−1(yj)2 = 0.
K˙ −K
3∑
j=1
pjt
2pj−1(yj)2 +
3∑
j=1
t2pj (yj)2 − 1 = 0. (84)
The first set of equations integrate to
yi = Cijt
−2(pi−pj)yj , (85)
where Cijs are the integration constants satisfying Cji = C
−1
ij . We now assume it there is a
turning point of the geodesic and we take that to be t = t∗. Using (85) in the first equation of
(84) and solving for yi, we get
yi = ± t
−2pi√
t−2pi − 3t∗−2pi +∑j 6=i t∗−2(pi−pj)t−2pj . (86)
To fix the integration constants, we have used the boundary condition dt/dxi = 0 at t = t∗ and
also the fact that the equations in (84) have certain scaling symmetry. To elaborate further, we
note that under the transformation
z = λz¯, t = λt¯, xi = λ1−pi x¯i, (87)
5In earlier papers, analysis were done for the correlators along one particular direction. Computational difficulty
reduces significantly in those cases.
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with λ constant, the forms of the equations do not change. This alone can be used to fix all the
Cijs. We get
Cij = t
∗pi−pj . (88)
Hence,
xi = ±
∫
dt
t−2pi√
t−2pi − 3t∗−2pi +∑j 6=i t∗−2(pi−pj)t−2pj . (89)
The constants arising from these integrals are to be fixed using the boundary conditions xi = 0
at t = t∗. We can now use this to rewrite K (and therefore z) of the second equation in (84) in
the form
z(t) =
√∫
2
g1(t)
[ ∫ t
1
dτ
(
1− g2(τ)
)
g1(τ) + C1
]
dt+ C2, (90)
with
g1(t) = e
− ∫ t(∑3j=1 pjτ2pj−1yj2)dτ , g2(t) =
3∑
j=1
t2pjyj
2
. (91)
In (90), C1,2 are the integration constants which are to be fixed using z = 0 at t = t0 and z has
a maximum at t = t∗.
To proceed further, one needs to use explicit values of pis. For some set of values, the
integrations can be analytically performed and for the rest, numerical means are required. For
AdS-Milne, it is particularly easy to solve the equations, calculate the regulated length and obtain
the correlator. The result matches with (71) in the large ∆ limit for the space-like separated
points. We do not reproduce the calculation here.
As a nontrivial example, let us next look at the case of p1 = p2 = 1/2 and p3 = 0. Metric now
has a true singularity in the past. Here (89) and (90) can be explicitly evaluated. The solutions
are
x¯1(t¯) = ±
√
2
(
sin−1
√
t¯− pi
2
)
,
x¯2(t¯) = ±
√
2
(
sin−1
√
t¯− pi
2
)
,
x¯3(t¯) = ± 1√
2
(
pi
2
−
√
t¯− t¯2 sin−1
√
t¯), (92)
and
z¯(t¯) =
1√
2
[
(t¯− t¯0)(t¯+ t¯0 − 1)− 2
√
(1− t¯)t¯ sin−1
√
1− t¯− (sin−1
√
1− t¯)2
+ (sin−1
√
1− t¯0)2 + 2
√
(1− t¯0)t¯0 sin−1
√
1− t¯0
] 1
2
. (93)
Here we have used the scaling symmetry of (87) with λ = t∗ to set the turning point to one. The
parameter t0 appearing in the above equation is the space-like surface on which the correlator
would be calculated.
Correlators within the geodesic approximation
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These solutions can now be used to compute the regularized geodesic length by subtracting
the equivalent AdS part from
L = −
∫ t¯=t¯0+δ¯
t¯=1
2dt¯
z¯
[√√√√−1 + (dz¯
dt¯
)2
+
3∑
j=1
t¯2pj
(dx¯j
dt¯
)2]
(94)
and then to use it in (75) to evaluate the correlator. It turns out that, for the situation we are
considering, the integral can not be done analytically. However, we obtain it numerically and
the result is shown in the figure. What we see is that the correlator goes to zero as we take the
space-like surface t0 close to the initial singularity.
Figure 1: Plot of e−Lreg as a function of t0 for p1 = p2 = 12 , p3 = 0 non-vacuum AdS-Kasner
solution. As the space-like surface at t0 is pushed towards t = 0, the correlator vanishes.
For the Kasner-AdS soliton (23), where the z →∞ singularity is removed by adding a periodic
coordinate, one can also compute the correlator in the geodesic approximation. The qualitative
results remain unchanged. For the illustrative purpose, we do it here for p1 = p2 = 1/2, p3 = 0.
While the solutions for the geodesic equations for xis remain same as (92), the one for the z
changes. It is given by
z¨ + Γztt +
3∑
i=1
Γzxixi x˙
2
i + (Γ
z
zz +
2
z
)z˙2 − 1
2
x˙21z˙ −
1
2
x˙22z˙ = 0, (95)
where
Γztt = −Γzx3x3 =
(z − z0)(z4 + z3z0 + z2z20 + zz30 + z40)
zz50
,
Γzx1x1 = Γ
z
x2x2 = tΓ
z
x3x3 ,
Γzzz = −
7z5 − 2z50
2z(z − z0)(z4 + z3z0 + z2z20 + zz30 + z40)
. (96)
In the above computations we have turned off the periodic coordinate θ in the metric (23) The
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length of the geodesic now reads
L = −2
∫
dx
z(x)
sin(
√
2x)√
2[ 2
f(z) sin2(
√
2x)
z′(x)2 − 1 + 4 cos2( x√
2
) cosec2(
√
2x) + cot2(
x√
2
)
] 1
2
, (97)
where f(z) = 1−z5/z50 and the prime denotes derivative with respect to the argument. Equation
(95) and the integral in (97) can be solved numerically.The result of the correlator as a function
of t0 is shown in figure 2.
Figure 2: Plot of e−Lreg as a function t0 for the soliton solution.
While we do not have a general proof, we believe that, within the approximations used here,
for general non-negative pis, the spacelike two point correlator is nonsingular even if we push the
surface close to its past singularity. It is perhaps prudent at this point to compare our results with
the existing ones. In [12], [14], the correlators are computed for space-like separated operators
along the direction with pi < 0. It is found that the correlators become singular as the geodesics
approach the past singularity. This blowing up of the space-like correlator is subsequently argued
to be a consequence of boundary conformal field theory picking up a non-normalizable state.
In the present context, for pi > 0, we see that the geodesic approximation selects a perfectly
normalizable CFT state with the usual behaviour of space-like correlator.
We end this section by pointing out a Ward identity6satisfied by the correlator. It arises very
simply from our previous analysis. For general pis, the expression which determines the correlator
is the integral given in (94). Due to the bulk symmetry (87), this expression, once evaluated,
depends only on the scaled time t¯0. Therefore, we write
〈O(x1, x2, x3, t)O(−x1,−x2,−x3, t)〉 = f(t¯0), (98)
where f(t¯0) is purely a function of t¯0. In other words,
〈O(λ1−pi x¯i, λt¯)O(−λ1−pi x¯i, λt¯)〉 = f(t¯0). (99)
6 This identity is related to the existence of conformal Killing vector K = t∂t +
∑3
i=1(1− pi)xi∂i for the Kasner
metric
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Now differentiating both sides with respect to λ and setting λ = 1, we immediately get( 3∑
i=1
(1− pi) ∂
∂ log x¯i
+
∂
∂ log t¯
)
〈O(x¯i, t¯)O(−x¯i, t¯)〉 = 0. (100)
5 Discussion
In this work, we have carried out several investigations on AdS cosmologies and their gauge
theory duals. We analyzed various time dependent geometries in AdS, in particular non-vacuum
AdS-Kasner and AdS-Kasner soliton and studied general spacelike geodesics and scalar fields
in these. Using gauge-gravity duality, we calculated two point correlators and studied their
behaviour near the singularity. Even though the bulk cantains space-like sigularity which extends
all the way to the boundary, for positive Kasner exponents, pi > 0, we found that, within the
geodesic approximation, the space-like seperated correlators vanish as the geodesic approaches
the singularity. This perhaps suggests that, regardless of the presence of the past singulatity, the
boundary CFT state may be a perfectly normalizable one. This is unlike the cases studied in [12],
[14], where for pi < 0, the geodesic approximation seems to pick a non-normalizabe CFT state
causing a divergence in space-like correlator. In this paper, for characterizing these geometries, we
also embedded these metrics in higher dimensional flat space and found corresponding equations
for surfaces. These may turn out to be useful in future studies.
There are several avenues for future explorations. It might be worth studying features of
strongly coupled gauge theories in other time dependent backgrounds. Indeed it is possible to
construct a large class of time dependent backgrounds with bulk duals. Consider, for example,
the Taub metric belonging to the Bianchi type II spacetime [29]:
dS2 = −A(t)2dt2 + t2p1A(t)−2(dx1 + 4p1bx3dx2)2 + t2p2A(t)2dx22 + t2p3A(t)2dx23, (101)
with
A(t) =
√
1 + b2t4p1 ,
3∑
i=1
pi = 1,
3∑
i=1
pi
2 = 1, (102)
where b is a constant. The metric is Ricci-flat and can therefore be embedded in AdS. The
anisotropic scaling symmetry of AdS-Kasner is broken by the parameter b. One may wish to
compute the boundary correlator of higher dimensional operators which are spacelike separated
along x1 direction. In this regard, the case of p1 = 1, p2 = 0, p3 = 0 is particularly interesting
and simple. For b = 0, it is a Milne metric. For non-zero b, it is a deformation of Milne. While at
t = 0, the Kretschmann scalar reaches a b dependent constant, it is zero for large t. Computation
of the correlator in the geodesic approximation should be particularly easy in this case. Since
for the Milne, the field theory state is a thermal one with temperature 1/(2pi), one may wish to
know as to what happens if b is tuned.
Another example which one many wish to explore is AdS-Kantowski-Sachs metric. One
example of vacuum Kantowski-Sachs metric is the interior Schwarzschild metric. Many of our
calculations should be easily extendable to this case also.
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